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Abstract. In this paper we consider the Allen-Cahn equation with constraint. In 1994, 
Chen and Elliott [7] studied the asymptotic behavior of the solution of the Allen-Cahn 
equation with constraint. They proved that the zero level set of the solution converges to 
the classical solution of the mean curvature flow under the suitable conditions on initial 
data. In 1993, Ilmanen [18] proved the existence of the mean curvature flow via the Allen- 
Cahn equation without constraint in the sense of Brakke. We proved the same conclusion 
for the Allen-Cahn equation with constraint. 


1. Introduction 


Let T > 0 and £ G (0,1). In this paper, we consider the following Allen-Cahn eqnation 
with constraint: 


-^3 0, e X (0,T), 

(p^(x, 0) = ^ ^ 


Here, is the indicator fnnction of [—1,1] dehned by 


f 0, if s G [-1,1], 
^ -boo, otherwise. 


and is the snbdifferential of that is 


^^[-1.1] (s) 


"0, if s < —1 or s > 1, 

[0,oo), ifs = l, 

{0}, if — 1 < s < 1, 

^ (—oo, 0], if s = —1. 


Set 

g ■={ve : ||n||Loo(R™) < 1} and /C := ^ n 

For (Pq G G U(0,T;L^(M")) is called a solntion for fll.ip if the following hold: 

V" G L‘^{Q,T-H^{W)), G L2(0,T;(i7i(M”))'), 

^ (p^(-,t) G /C a.e. t G (0,T), (p=(-,0) = (p^(-), 

' v-^^) + (V^C V(n - v?^)) - v-^^)]dt>^ 

for any n G L^( 0 ,T;iL^(R"')), with n(-, t) G/C for any t G ( 0 , T). 
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Here ( , ) denotes the pairing of and H^(W^), and ( , ) denotes the inner product 

in 

Let 6 G (0, i). To study fll.ip . we consider the following equation: 

I = 0, (a:,t) e M" X (0, oo), 2 ) 

] (p^’^{x,0) = a; e R”, 


where 


Fs{s) 


1-5/ 1 X2 

s + 


26 




1-5 

1 


2' ' 2(1-5)’ 
1-5/ 1 n2 


25 


1-5 


if s < —1, 
if |s| < 1, 
if s > 1. 


The function Fg{s) is the Yosida approximation of 9/[_i^i](s)—s. We remark that F G C^(R), 
Fs{s) > 0 and Fs{s) = 0 if and only if s = ±(1 — 5)“^. By an argument similar to that 
in [7], the classical solution of fll.2p converges to the solution of fll.ip under the suitable 
conditions on initial data as 5 —)■ 0 for any T > 0. 

The purpose of this paper is to prove that the solutions of fll.ll) and fll.21) converge to a 
weak solution for the mean curvature flow. Here, a family of hypersurfaces {r(f)}ig[o,T) is 
called the mean curvature flow if the velocity of r(f) is 


Vr = H on T{t), tG(0,T), (1.3) 

where F[ is the mean curvature vector of r(t). Chen and Elliott [7] proved that for a classical 
solution {r(f)}fg[o,r) of the mean curvature flow, there exists a family of functions 
such that the zero level set of the solution for fll.ip converges to {r(t)}ig[o,T) as e —)■ 0. 
But there is no result for the construction of the global weak solution for the mean curvature 
flow via fll.ll) or fll.2p . 

In this paper, we consider a weak solution for the mean curvature flow called Brakke’s 
mean curvature flow which we dehne later [1]. There is a large amount of research on 
the mean curvature flow p El [m [la El E] and the connection between the Allen-Cahn 
equation and the mean curvature flow [a El El E], so we may mention only a part of them 
related to Brakke’s mean curvature flow and fll.ll) . Brakke [1] proved the existence of a 
Brakke’s mean curvature flow by using geometric measure theory. Ilmanen [18] proved 
that the singular limit of the Allen-Cahn equation without constraint is a Brakke’s mean 
curvature flow under mild conditions on initial data. The main results of this paper is 
the same conclusion for fll.ip and fll.2p . Liu, Sato and Tonegawa [22], and Takasao and 
Tonegawa [23] proved that there exists Brakke’s mean curvature flow with transport term via 
the phase held method. Moreover, the regularity of Brakke’s mean curvature how was proved 
by Kasai and Tonegawa [20] and Tonegawa [26] by improving on Brakke’s partial regularity 
theorem for mean curvature how. Recently, Farshbaf-Shaker, Fukao and Yamazaki [15] 
characterized the Lagrange multiplier of fll.ll) . where = A^((p'^) satishes 

V') + (V^^ V^) S- 4(A^ ^) = 

for any G iL^(R"') and a.e. t G (0,T). Suzuki, Takasao and Yamazaki [23] studied the 
criteria for the standard forward Euler method to give stable numerical experiments of fll.ip . 

The organization of the paper is as follows. In Section 2 of this paper we set out the basic 
dehnitions and explain the main results. In Section 3 we study the monotonicity formula 
and prove some propositions. In Section 4 we show the existence of limit measure /i* which 
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corresponds to T{t). In Section 5 we prove the density lower bound of /i* and the vanishing 
of the discrepancy measure In Section 6 we show the main results. 


2. Preliminaries and main results 

We recall some notations from geometric measure theory and refer to [D la El ng [23] for 
more details. On R” we denote the Lebesgue measure by £”■. Dehne Un ■= £”(i?i(0)). For 
r > 0 and a G R"' we dehne Br{a) := {x G R” | |x —a| < r}. We denote the space of bounded 
variation functions on R” as We write the characteristic function of a set A C R” 

as xa- Fol a set A C R"' with hnite perimeter, we denote the total variation measure of the 
distributional derivative Vxa by || Vxa||- For a = (ai, 02 ,..., a„), b = ( 61 , 62 , • • •, bn) G R"' 
we denote a® 6 := (aibj). For A = {aij),B = (bij) G we dehne 


A:B-.= J2 


^ij bij . 


*j'=l 

Let Gfc(R”) be the Grassman manifold of unoriented fc-dimensional subspaces in R”. Let 
S G Gfc(R"'). We also use S to denote the n by n matrix representing the orthogonal 
projection R” —)■ S. Especially, if A; = n — 1 then the projection for S G G„_i(R"') is given 
by S' = / — z/ ® z/, where I is the identity matrix and z/ is the unit normal vector of S. Let 
S'-*- G G„_fc(R"') be the orthogonal complement of S'. 

We call a Radon measure on R” x Gfc(R"') a general fc-varifold in R"". We denote the set 
of all general fc-varifolds by Vfc(R”'). Let V G Vfc(R”'). We dehne a mass measure of V by 

||l/||(yl) := P((R"n/l) X Gfc(R")) 

for any Borel set R C R”. We also denote 

\\V\\{(f)):= [ (f>{x)dV{x,S) for 0 G ^(R”). 

jR"xGfe(K'*) 

The hrst variation SV : C'^(R"';R”') —)■ R of R G Vfc(R”') is dehned by 

SV{g):= [ Vg{x) : SdV{x,S) for ^ G R”). 

jR"xGk(R.") 

We dehne a total variation ||5R|| to be the largest Borel regular measure on R"" determined 
by 

||<5R||(G) := sup{6V{g)\ge G,'(G;R"), \g\ < 1} 

for any open set G C R"". If ||(jR|| is locally bounded and absolutely continuous with respect 
to ||R||, by the Radon-Nikodym theorem, there exists a ||R||-measurable function H{x) with 
values in R” such that 


5V{g) = 


H{x) ■ g{x) d\\V\\{x) for g E Cc 


We call H the generalized mean curvature vector of V. 

Let be the fc-dimensional Hausdorh measure. We call a Radon measure p fc-rectihable 
if fi is represented by p = that is, p(0) = j^(i)dg, = 06* d'H’^ for any 0 G C'c(R"^). 

Here M is countably fc-rectihable and "H^-measurable, and 9 G is positive valued 

on M. For a fc-rectihable Radon measure p = 91-L^ \_M we dehne a unique fc-varifold 

Rby 




(j){x, S) dV{x, S) := / (j){x,Txlj) diji,{x) for 0 G C'c(R'^ x Gfc(R”)), (2.1) 
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where T^ijl is the approximate tangent space of M at x. Note that exists on M 

in this assumption, and /i = ||id|| under this correspondence. 

Definition 2.1. Let /i be a Radon measure on and 0 G We dehne 

i3(p,0):= [ + V(j)- ■ Hdfi 


if > 0} is rectihable, ||5R||[{0 > 0} <C /iL{0 > 0} and liLpd/r < oo. Here R is a 
/c-varifold dehned by fl2.ip and H is the the generalized mean curvature vector of V. If any 
one of the condition is not satished, then we dehne i3(/i, 0) := —oo. 

Definition 2.2. A family {fit}t>o of Radon measures is called Brakke’s mean curvature 
how if 

Dtfxtifj)) < B{nt, (j)) ( 2 . 2 ) 

is hold for any (f) G M+) and any t > 0. Here Df{t) = lim/j^o is the upper 

derivative. 

Definition 2.3. Let be a solution for fll.2p . We dehne a Radon measure by 


for any 0 G Cc(M"). 
For r G M we dehne 


J-^n \ Z E / 


-1, ifr<-f, 
g^(r) := ^ sin if \r\ < 


(2,3) 


(2.4) 


ifr> f 


and 


<5 1 

—ev ^ V e,v 6 , 


■= \ vf^s 


1 ' T 

Sin-, 

£ ’ 


if r < —£ sin ^ \/l — 6, 
if |?"| < esin“^ \/l — 6, 


(2.5) 




1 — S —1 . /i T r . / 1 —^ 1 . . _1 r, -F 

^ <’e sV 5 + ifr>£sm vl — 


Remark 2.4. (1) G C^’"(M), q^'^ G C^(M) and for any £ > 0 we have 


lim|ko'^-9ollci.-(M) = 0. 


(2) q^'^ is a solution for 


and qpj^ = 


! ( ^£,5\ 


nk 


( 2 . 6 ) 


(2.7) 


2 £ -■ £^ 

with g^’'^( 0 ) — 0 , 9^’'^(=too) — ±(1 — ( 5 )“^, q^’'^(±£sin“^ VI — < 5 ) — ±1 and q^k) ^ 6 
for any r € M. Moreover we have 

sup W/{r)\<2e-^ and sup \qp^\r)\ < 28-"^. (2.8) 

r-eR,<5e(0,|) 


T-eM,(5e(o,|) 

(3) By fl2.7p we have 


£M!1! + dr = [ ^2Fs{q^’^)qf dr 


2 


k^Fsisjds as. 


(2.9) 
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Let f2g C M"" be a bounded open set and we denote Lq := OQq . Throughout this paper, 
we assume the following: 

(1) There exists Dq > 0 such that 

n^-\TonBR{x)) 


Dn-l 

a;eK’*,R>0 ^n-1^ 


< Dq (Density upper bounds). 


( 2 . 10 ) 


(2) There exists a family of open sets such that Qq have a boundary Tq such 

that (Dq jPo) be approximated strongly by 

lim £"(Dq ADg) = 0 and lim ||Vxf 7 i|| = ||Vxq+|| as measures. (2-11) 

i—^oo 2—>oo 0 

Remark 2.5. If Tg is then 02.101) and 02.lip are satished. 

Let and be sequences with 0 as z —)■ cx). For Dg we dehne 


rsA^) = 


dist(a;,rQ), x G Dg 

— dist(x, Tg), X ^ Dq. 


We remark that jVr^J < 1 a.e. x G M"" and r^. is smooth near Tg. Let ry“ be a smoothing 
of r^. with |Vf^| < 1, |V^fy“| < in M” and = r^. near Tg. 

Dehne 

^0 = and = g^“’'^^'(r^(x)), ij > 1. 

Let f/ C M” be a bounded open set and Qt := U x (0, T) for T > 0. By 02.6p . 

02.r2p there exists Ci(z) > 0 such that 

sup||v7o’'^' llc2(F) < ci(z) 


jeN 


( 2 . 12 ) 

and 


(2.13) 


and 


lim ||(Pq ^ ‘^q\\c^,°‘(u) ~ P 


J-^OO 


(2.14) 


for z > 1. Let be a solution for 01.2p with initial data Then supg^ | 

and supg^ < max|„|^ i (s)| = 1 by the maximal principle. Thus by 02.13p 

and the standard arguments for parabolic equations (see m p.517]), for any open set 
U' CC U there exists C 2 (z) > 0 such that 

sup < C 2 (z), z > 1, (2.15) 

where Q'j^ := U'x (0, T). Hence by 02.141) . 02.15p . the Arzela-Ascoli theorem and the diagonal 
argument there exists a subsequence (denoted by the same index) such that for any 

compact set iF C M" and T > 0 we have 

^ in C^’°‘(K X [0,T]) and sup |(p^*| <1, z > 1, (2.16) 

R"x[0,T] 

where ip^' is a solution for 01.ip with initial data (see [3 Section 2]). Thus for z > 1 and 
any compact set F C M"' we have 


Gij Cj uniformly on F x lo.n, 

where e,., = aEsfTP + e. = + Stefl) F„(e) = 


(2.17) 


£i 

hz” ^ Pi' 


£i 


Hence 


as Radon measures, z > 1, 


(2.18) 
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where /if is a Radon measure defined by 

■= f <P 




+ 


dx 


for any (f) G C'c(M"’). By the definition of we obtain the following: 


Proposition 2.6 (see Proposition 1.4 of [T8]). 

(1) There exists Di = Di{Dq) > 0 such that for any i, j > 1, we have 


sup '{Br{x)), -—^ 

a;eK’*,R>0 

(2) limj^ooho* = f'H^^^LPo as Radon measures, 

(3) limi^oo Po = ‘2xn+ - 1 in BVioc, 

(4) for any f j > 1 we have 


<1^1. 


ei\Vp 


£i,'5j|2 17 


^ FsAVo ’) 


on 


Si 


we have 


Proof. We only prove (2) and (4). In the same manner as 

lim /if = lima^'R^'^^LPo. 
i—>-oo 54,0 

By lim^j^oc’’^ = ■\/2Fo(s) ds = | we obtain (2). We compute that 

where fl2.7p and |Vry“| < 1 are used. Hence we obtain 02.211) . 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


□ 


Our main results are the following: 

Theorem 2.7. Let Of C M"' be a bounded open set and satisfy 02.101) and 02.lip . Let G 
off (M” X (0, 00 )) be a solution for 01.ip with initial data <pf, and G Off (M” x (0, cxo)) 
be a solution for 01.21) with initial data pA^^, where <pf and pA^^ are defined by 02.12p . 
Then there exist 

(a) subsequences {4)^1, and a family of Radon measures {pt}t>o such that 

jff as k ^ 00 , t > 0 , i > 1 , (2.22) 

t > 0, (2.23) 


/if*" ^ /ii as fc —)■ cx), t > 0 (2.24) 

and {pt}t>o is a global solution for Brakke’s mean curvature flow with initial data 
/io = 

(b) and p G BViod^'^ ^ [O 5 '^)) O O;^^([0, 00 ); L^(R”)) such that 
(bl) 2(p — 1 in x [0, cx))) and a.e. pointwise, 

(b2) (p(-,0) = a.e. on M", 

(b3) p{-,t) is a characteristic function for all t G [0, cxo), 

(b4) II V(p(-, f)||(0) < pPt{4>) for any t G [0, 00 ) and 0 G Oc(M"; M’*'). Moreover 
spt II V(p(-, f)|| C spt pt for any t G [0, 00 ). 
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3. Monotonicity formula 


In this section, we consider the monotonicity formula for and prove the negativity 
of the discrepancy measure which we dehne later. We assume that hid" C M” is a bounded 
open set and satisfies fl2.10p and fl2.1ip . and ^ x (0, cx))) is a solution for fll.2p 

with initial data where is defined by fl2.12p in this section. We denote Si and Sj 

by £ and 6. 


We define the backward heat kernel p by 


p = Py,s{x,t) := 


n-ar 


(47r(s —t)) 2 

We define a Radon measure by 


_g 4(s-t) ^ t < s, x,y E 


■■= I 0 




dx, 


(3.1) 


for any 0 G C'c(M”). is called a discrepancy measure. The monotonicity formula for the 
mean curvature flow is proved by Huisken m- llmanen [18] proved the monotonicity formula 
for the Allen-Cahn equation without constraint. The following monotonicity formula is 
obtained in the same manner as [HI 3.3]. So we skip the proof. 


Proposition 3.1. 

d 


— / pdpl’ {x)=- / ep[ - + 

/on ./rori 




P 


) dpi’ ( t ) 


Pd^l’\x) 


(3.2) 


2{s -1) 

for 1 / G M” and 0 < f < s. 

DeBiie = i,4x, t) := ilaliiilli - EsMpMl, 

Proposition 3.2. ^^^s{x,t) < 0 for any {x,t) G M"" x [0, cxd). Moreover is a non-positive 
measure for f G [0, cxo). 

Proof. Let h > 0 and Fs^h G C°°(R) be a function with lim/j^o \\Fs,h — T^HcpK) = 0. 

Let G C°°(M) be a solution for 


on 


2 £ 

with lim/i^o ~ q^’^’^Wc^d-Lp]) = 0 for any L > 0. We remark that we have 


e,S,h ^ 

Hrr 




on 


Let g X (0, cxo)) be a solution for 

-rp! p e,S,h\ 


= 0, {x, f) G M" X (0, CX)), 




_ e,5,h/ 


(3.3) 


(3.4) 


(3.6) 


X G 


where cpo is defined by 


pf’’^{x) = q^’^’’^{r,{x)), X G 
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We define a function r : M” x [0, cx)) —)■ M by 

= q‘^’^’^{r{x,t)), {x,t) e M” X [0, cx)). 

By fl3.3p we have 




< |Vrf on R"'x[0, oo). 


£1 Vw^d|2 12 

Hence, if iVrl < 1 for any h > 0 then - - — j —— < 1. Thus we only need to prove that 

I Vr| < 1 on M” X [0, cxo). 

Let g^’^{s) := A/2Fyft(s). By fl3.3p and 03.41) we have 




e 


e 


-Fr 


By 03.4p . 03.5p and 03. 6 p we obtain 

- q^J’^ 


-.6,h 


Thus we have 


= qf^’^Ar + - 1). 


5,h 

dtr = Ar H—^(|Vrp — 1) 


(3,6) 


(3.7) 


and 


dt\Vr\^ = ^A|Vr|2 - |VVp + -Vr ■ Vg^’’^{\Vr\^ - 1) + -Vr ■ V|Vr|2. 
2 E ^ £ 


(3.8) 


By the assumption we have |Vr(-, 0)| = iVr^l < 1 on M”. By 03. 8 p and the maximal principle 
we obtain |Vr| < 1 in M" x [0, cx)). □ 

By Proposition 13.11 and Proposition 13.21 we have 

Proposition 3.3. For y G M"' and 0 < f < s we have 

d 


dt 


pd9f(^) <-f ep{- Ap-‘ + hAh - < 0, (3,9) 


Next we prove the upper density ratio bounds of . 
Proposition 3.4. There exists C 3 = c^{n) > 0 such that 

pf{BR{x)) < 

for (x, t) G M” X [0, CX)) and i? > 0. 

Proof. We compute that 


(3.10) 


Py^s{x,0)dnQ\x) = 


(dvrs 

\^-y\ 


n — 1 
I 2 


_Ii£^ , £,5 

1 


[4:713 


^ f 9f{{x I e- 'i' >k})dk = f dk (3.11) 


<- 


[Ans] 2 Jo 


DiOJn-i[\/4s log /c“^)"' ^ dk < C4 ,Di, 
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where C 4 > 0 is depending only on n and the density upper bound 02.201) is used. By the 
monotonicity formula 03.91) . we have 


Py^^{x,t)di//{x) < I Py^y{x,Q)dj//{x) 


(3.12) 


for any 0 < f < s and y G M"'. Fix i? > 0 and set s = f Then 




1 \x-y\^ r 

n-r— —e d/ih > 


TT 2 R 


n—1 


'BR{y) ^ 


e fl2 w,, 


dy^t 


> 


'Bniy) 1 


e^dyf = — ^ yfiBniy)). 


n—1 _ 1 , 

en 2 


(3.13) 


□ 


By 03.12P and 03.131) we obtain O3.10p . 

4. Existence of limit measures 

In this section, we prove the existence of limit measure yt- We also assume that hlo" C M"' 
satishes 02 .inp and 02 .lip , G x ( 0 , cxo)) is a solution for 01 . 2 p with initial data 

where is dehned by 02 . 121 ) . and 02.161) and 02.181) hold in this section. 

Lemma 4.1. For any (j) G R"*"), > 1 and f > 0 we have 


d ei,5j 


< sup |VVl/^r’^'(spt 0 ). 
at xsR" 


(4.1) 


Moreover there exists C 5 = C 5 (n, Di, spt (j), sup^jg^n |V^(/)|) > 0 such that the function yf[(f) — 
c^t of t is nonincreasing for any z > 1 . 

Proof. We denote Si, 6j and ^ gy integration by parts, 


= LpU 


d fe\Vp>\^ ^ Fsjip) 


2 

= / 4>(eVip ■ Vipt + (pt) dx 

Jr" ^ e J 

= [ e(j)( - Aip+ - £(V0 • Vip)iptdx 

Imn V £(^ / 


dx 


e 

= I -£(!>( - Av 7 + + e(V(/) ■ Vp>) (- A(p + 

./laxi ^ E / \ E J 




(4.2) 


dx 


e 4>[ - Ap> + 


P'sip) V0-V(p\2 (V0-V(p) 


20 


+ s- 


40 


dx 


< ( sup 


|V0p 


e{x I (/i(x)>o} 20 


/z'^’^(spt 0 ) < sup |V^ 0 |p.^’'^(spt 0 ), 


xeR" 


where sup 3 ,g{ 3 ,|^( 3 ,)>o} A supa-g^n |V^0| are used. By O3.10p and 04.2p there exists C 5 = 

05 ( 77 ,, Hi, spt 0, sup 3 ,g]jjn IV^0|) > 0 such that yt’^if) — c^t of t is nonincreasing. By yf^ —)■ pf 
for any o > 0, /7f(0) — c^t of t is also nonincreasing. □ 

Remark 4.2. By an argument similar to that in the proof of Lemma [4.11 for any z, j > 1 
and T > 0 we have 




F' 2 


dxdt = yf 


/TTpnN 


<Di. 


(4.3) 
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Proposition 4.3. There exist subsequences and a family of Radon mea¬ 

sures {nt}t>o such that fl2.22p . fl2.23p and fl2.24p hold. 

Proof. By fl2.18p we only need to prove fl2.23|l and fl2.24p . First we prove that there exist 
and a family of Radon measures {fit}t>o such that /i/'" —)■ /i* as fc ^ 00 for any 

t > 0. 

Let Bi C [0, cxo) be a countable dense set. By the compactness of Radon measures, there 
exists a subsequence and a family of Radon measures such that /i/'' fit 

as /c —)■ cxD for any t G Bi. Let ^ be a dense set. 

By Lemma [4.11 fit{4>i) — c^{4>i)t of t G i?i is nonincreasing for any I > 1. Hence for any 
I > 1 there exists a countable set Ei C [0, cxo) such that 

lim fit{(j)i) = lim /it(0z) (4.4) 

for any s G [0, cxd) \ Ei. Set B 2 = [0, cxo) \ UiEi. Then B 2 is co-countable and 04.41) holds for 
any I > 1 and s G B 2 . 

Let s G i ?2 \ -Bi- By the compactness of Radon measures, there exist a subsequence 
^^d a Radon measure fig such that fif’"" —)■ as m —)■ cxd. 

Next we show that fig is unique and fig as k ^ 00 . By Lemma ITTl for any / > 1, 

m G N and ti, ^2 with ti < s < t 2 we have 

hti""* (0z) - C5(H - s) > fif^^ (0z) > (00 - C5(t2 - S). 

Hence for any ^ 1,^2 £ .Bi with ti < s < t 2 we have 

/in(0O - C5(H - s) > fis{(j)l) > fit2{4>l) - C5(t2 - s). 

Therefore by (ITT|) we obtain fig{(j)i) = limi^s.teBi hi(00 = limz^^^igBj hi(00 any / > 1. 
Thus fig is uniquely determined. Moreover, fig‘'^ —)■ as fc —)■ 00 . 

Therefore fif'^ fit as k ^ 00 for any f G Ri U i? 2 - Because [0, 00 ) \ (Bi U B 2 ) is a 
countable set, there exists a subsequence (denoted by the same index) such that 

fif^ fit as k ^ 00 for any t G [0, 00 ). 

Next we show that there exists a subsequences such that fif'^’ fit as k ^ 00 

for any f > 0. For 0 G C'c(M’*) we compute that 


lh^’'^(0) -hi(0)l < lh^’'^'(0) -h^(0)l + lh^(0) -hi(0)l 


< sup 


' spt 4) 


- ei,(i,()|<ii+ A’,“•(A) - AiWI- 


(4.5) 


Let and satisfy Rk,Tk —)■ 00 as fc —)■ 00 . By 02.17P and the diagonal 

argument, there exists a subsequence such that 


sup / 

ie[o,Tfc] iufljo) 


da: <-^ for k > 1. 


(4.6) 


By fl4.5p and fl4.6p we have fif'‘'^^'° fit as k ^ 00 for any t > 0. Hence we obtain fl2.22p . 
(Km and (Km . □ 


5. Forward density lower bound and vanishing of ^ 

In this section we prove the lower density estimate for fit and the vanishing of f by using 
the technique of Ilmanen [18] and Takasao and Tonegawa [25]. Assume that g^^d 
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satisfy all the assumptions of Section 2 and := /i**’^* —)■ jj-t and Q := —>■ for any 

f > 0 as Radon measures in this section. We denote := in this section. 

By the computation we have the following estimates. The proof is omitted. 

Lemma 5.1. We have 


for any 6 G (0, and s G [|, oo), and 



> —Fs(s) 

(5.1) 

cx)), and 




> ^ Fs(s) 

- 100 ^ ^ 

(5.2) 


for any S G (0, and s G (— cxd, —|]. 

Let /i be a measure on M” x [0, oo) such that dp = dptdt. 

Lemma 5.2. Assume (x', f) G spt p. Then there exist a subsequence and {{xj, 

such that 

3 

\im {xj,tj) = {x',t') and {xj,tj)\ < - (5.3) 

j^OO 4 

for any j G N. 

Proof. Set Qr = Br{x') x [t' — + r^] for r > 0. If the claim were not true, then there 

exist r > 0 and G M such that infg^ |(p*| > | for any i > N. So we may assume that 
infg^ j for any i > N without loss of generality. Moreover we may assume Si G (0, ^) 
for i> N. Let 0 G Cl^Qr). Then by Lemma ED and supg^ |(p®| < < 2 we have 


100 




' Qr 


et 


< / 4>‘^{-pI + 


' Qr 

1 


9 [P 


1-5,: 


dxdt 


' Qr 

dt 


1-5, 


■) dxdt 


'Br{x') 




(6.4) 


^ Qi 


1-5, 


0V0 • Vv?* - 02|V(^Y - 20(y9*V0 • Wip^ dxdt 


1 


<^(0)+ / -02|V(pf + -02|V(^f +4|V0|2dxdf<C'(0), 

jQr 2 

where C(0) > 0 depends only on sup,j,g]^n{|0|, |V0|}. By Proposition 13.21 and fl5.4p we obtain 
[ [ (f)^dp\dt<2 [ 02 ^ dxdt < 2OOC'(0)£,. 


J Br{x') 


' Qr 




Hence we have 


02 dp = 0. 


' Qr 


This proves that {x', t') ^ spt p. 
Set 


□ 


u-ar 


Pv{^) ■= 


(\/2^r 


in—1 


e , r > 0, x,y E 


Note that py^s{x,t) = Py{x) for r = \/2{s — t). We use the following estimates. 
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Lemma 5.3 (See[l 8 ]). Let D > 0 and z/ be a measure satisfying supj:j>o,xeK" 

Then the following hold: 

(1) For any a > 0 there is 71 = 71 (a) > 0 such that for any r > 0 and x,xi G M"" with 
\x — xi\ < 7 ir we have 

/ Pl^{y)dv{y)<{l + a) f pldv{y) + aD. (5.5) 

JR'i JR" 

(2) For any r, i? > 0 and x G M” we have 

f pKv) dv{v) < (5.6) 

Jmp-\B[i{x) 

(3) For any a > 0 there is 72 = 72 (a) > 0 such that for any r, i? > 0 with 1 < y < 1 + 72 
and any x G M”, we have 


/’?(!/) ‘iviy) < (1 + a) / pl(y) dv{y) + aD. 


(5.7) 


Lemma 5.4. There exist rj = r]{n) > 0 and 73 = 73 ( 71 , Di) > 0 with the following property. 
Given 0 < f < s, define r = ^^ 2(5 — t) and f' = s + y. If x G M"" satisfies 


Py,s{x,t) dps{y) < V, 


(5.8) 


then x {F}) fl spt /i = 0 . 

Proof. Assume for a contradiction that (x',F) G spt p for some x' G with fl5.8p . 

where 73 will be chosen later. Then by Lemma [5.21 there exist a sequence {{xj,tj)}ff^ and 
such that \imj^oo{xj,tj) = (x',F) and {xj,tj)\ < | for any j. By Proposition 13.21 
and sup]unx[o,oo) 1 9 ^* I — 1 > 1 , we have 


sup |V(p I < sup -< — for i>l. 

R"x[0,oo) R"x[0,oo) 

Thus, there exists A^ > 1 such that 

(y, tj) I < ^ and Fs^, {y, tj)) > ^ 
for any y G fSsi./sixj) and j > N. Hence there exists p = p{n) >0 such that 


(5.9) 


( 6 . 10 ) 


2p < 




~ Pxj,tj+efi.yi^j) dy Fl I Pxj,tj+ef iy,tj)dpJ{y), (5.11) 


where inf Pxt+s^ (y^'^j) ^- - - ;—~ > Disused. By the monotonicity formula 

(47r)~£”."^e^ 

ira we have 

/ Px,,t,+el ( 2 /, tj) dpt. (y) < / Px„p+el {y, s) dp^i {y) (5.12) 

JR" ^ JR" ^ 

for sufficiently large j. Hence we obtain 

27 < / Px',t'{y,s)dps{y). ( 5 . 13 ) 
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By fl2.2njl and Lemma I5.3[ for any a > 0 there exists 71 = 71 (a) > 0 snch that for any 
X G we have 


27 < / s) dju^(^) < (1 + a) / -s) dju^(^) + acsBi 

= (1 + a) / Px,s(p, t) d^s{y) + ac^Di < (1 + a)r] + ac^Di. 


(5.14) 


We remark that Px^t'iy, s) = Px^siyB) by t' - s = s - t = y. Set a := min{i, 4 ^^} and 
73 := 7 i(o)- Note that 73 depends only on n and Di. Then we have 7 < 0. This is a 
contradiction to fl5.8p . Hence ^ spt/i. □ 

Lemma 5.5. Let t/ C M"' be open. There exists cq = cq^u, Di) > 0 snch that 

'H"'“^(spt /it n f/) < cg liminf fit-r^iU) for f > 0. (5.15) 

Proof. We only need to prove fl5.15p for every compact set K <Z U. Let Xt := spt fit Ll K. 
By an argnment similar to that in Lemma 15.41 for any [x, t) G Xt we have 


27 < / Px,t{.y,t-r‘^)dfit-r^{y) 
jRn- 

for snfhciently small r > 0. By fl5.6p . for any L > 0 we obtain 

f 31.2 

/ Px,t{y^ t - r^) dfit-r^{y) < 2”"^e"~ c^Di. 

jR^\BrL{x,) 

Hence there exists L = L(n, Hi) > 0 snch that 


(5.16) 


T] < 


^rL(x) 


Px,t(y,t-r^)d/ut-r2(y). 


Thns, by PxA-,t- -we obtain 

(47r) 2 


(47r) 2 r” V < Pt-rABrAx)). 


(5.17) 


Set B = {BrAx) G U\x E Xt}. Note that H is a covering of Xt by closed balls cen¬ 
tered at a; G W- By the Besicovitch covering theorem, there exists a hnite snb-collection 
Hi, B 2 ,..., BB{n) snch that each Bt is a disjoint set of closed balls and 


^ '^BrL{xj)&Bi BrAXj)- 

By fl5.17p and 05.181) we obtain 


(5.18) 


B{n) 


11 T' 

KE\x,)<'£ E < GX E E 

(4>r) - n j.i s. 


i-i DD 


2=1 

L ' 


^rL i,^j ) 

_1 B{n) 


^rL 


. . rn—1 

< -Tj E £ ,:',E B(n)^^_MU), 


(4ir) > r] 


(47r) 2 rj 


where approximate Hansdorff measnre of PD Set Cg := B{n) 

(47r) 2 r] 

which depends only on n and Hi. Hence we obtain 05.151) . □ 
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Lemma 5.6. Let rj be as in Lemma [5.41 Define 


Z ■= \ (x, t) G spt /i 


t > 0 , 


lim sup 

S^t 


py^six,t)dns{y) < 


and 

Zt := Z 0 (M” X {t}) for f > 0. 

Then for a > 0, VZ~'^^°‘{Zt) = 0 for a.e. f > 0. Moreover we have p{Z) 
Proof. Let a > 0 and 


= 0 . 


Z'^ := < (x, t) G spt /i t > 0, / py,s{x, t) dpsiy) < V for all s G (t, t + r] 


First we prove VZ ‘^~^°‘{Zt) = 0 for a.e. f > 0. Note that Z C for some {Tm}m=i 

with Tm G (0,1) and lim^^oo Tm = 0. So we only need to prove = 0 for any 

r G (0,1), where Zf := x {t}). Set r := ^/2{s — t) and t' := s +y. For (x,t) G 

let (x', t') G M” X [0, oo) satisfy \t' — t\ < 2 t and |x' — x| < ■j^r. Then (x', t') ^ spt p <Z Z'^ 
by Lemma ED and s — t < r. Moreover, if (x',F) G Z'^ then J py^s{x,t) dps{y) > p for any 
X G by (x',f') G spt p and Lemma EH Therefore the relation 

\t' — t\ <2 t and \x' — x| < yar 

implies either (x,t) ^ Z'^ or (x',F) ^ Z'^. Hence for (x,f) G Z'^ we have 

F 2 T(a^, n = {(x, f)}. (5.19) 


Here, P 2 t{xZ) is defined by 


P 2 t{.x, t) := (x', t') 2 t > \t' -t\> 


X 


X 


7| 


Set 

^r,xo,to Pi (iJj^(xQ) X [to — T, to + '?"])) ^0 ^ to > 0. 

Then there exists a countable set K gMZ x [0, oo) such that Z"^ C U(xo,to)eKZ'^’^°'^° ■ Hence 
we only need to prove '}{n- 2 +a^^T,xo,to-^ _ g ^ ^ ( 0 ,oo), where n 

(M” X {t}). Remark that for any x G M” the set {x} x [to — r, to + r] fl has no 

more than one elements by fl5.19|h Define P : —)■ M” by P{x,t) = ( 2 ^, 0 ), where 

(x,t) G M” X [0,oo). Let 5' > 0 and cover the projection C Fi(xo) x {0} by 

{Bj.Xxi)}^i, where (xj,0) G P(Z’'’*°’*°), r* < 6' and 


< 2£-(Fi(xo)). 

i=l 


Let {xi,ti) be the point in corresponding to x*. By fl5.19p we have C 

2 2 

J2u^[to-r,to+T] BrM) X [ti - + ^]- We compute that 


I'to+T 


']jn—2+a/ /yT,xo,to 

Hg, 


(^r,xo,to) < 


oto+T °° 


'to—r 




E 


*0 ^ i=l t6[p_p2/^2p.+^2/^2] 


2 ° Pi+Zhi 




=1 Bi-phl 


^n—2+a'f'i 


n—2+a 


dt = 


oo 

V ^ 2,UJrj — 


i=l 


n—2+a^n+a ^ 


^n—2+a'^i 

“icOn—' 


n—2+a 


dt 


7| 


7|^^n 


"-'+“(y)“/:"(Fi(xo)), 
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where T-Q, is the approximate Hausdorff measure of 'H"' Then h' —)■ 0 implies that 


rto+T 


y^n-2+a^Zl’^0,to) dt = 0. 


'to—T 


Hence we obtain 'H'^ = 0 for a.e. t G [0, oo). On the other hand, we compute that 


r‘to+T 




I'to+T 


'to—T 


Y, Y c,D,rr'dt 

t&\ti-r'lhlM^r‘lhl\ 


^ /•n+rf/7| 


E / ... i' = Y 


2c‘iDx 


i=\ Jti-r\ly. 


TT 73 


4cqZ)i 

2 ^ ^5/:-(i?i(xo)). 


< 


73^^ 


Then ^ 0 implies that °) dt = 0. Thus we obtain ^{Z) = 0. 

Lemma 5.7. For any {y, s) G M"" x [0, oo) we have 

1 



'0 -/r" 2 (s t) 
Proof. We compute that 


py^s{x,t) d\Ct\{x)dt < c^Di for i>l. 


□ 


(5.20) 


Py^s{x,t)dfl{x) = 


2 (s - 1) 


Py,s{^,t) d\€t\{x), 


where Proposition 13.21 and fl3.2p are used. Therefore we have 

[ Of ^ +\ [ PyAx^t)d\Ct\ix)dt< - [ ^ f py^s{x,t)dpl{x)dt 
Jo ~ >') Jo Jr" 

= py^s{x, 0) dp^ix)-\im py^s{x,t)dp\{x) < / Py^s{x,^) dp\^{x) < C 4 ^Di, 
./»" Jvn J'On 


□ 


where (13.121) is used. Hence we obtain (15.201) . 

We may assume that there exists a Radon measure ft such that fl ft as Radon measures. 
Dehne df := dftdt. Next we prove the vanishing of the discrepancy measure f. 

Lemma 5.8. Assume that and satisfy all the assumptions of Section 2 and 

pI = —)■ pt and fl = fp’^" —)■ ft for any f > 0 as Radon measures. Then .^ = 0. 

Proof. By (I5.20p and fl —)■ ft we have 

I Of ^ .^ Py,sA^t)d\f\{x,t) < c^Di. 

jR"x(0,s) — t) 

Let R and T be positive numbers. We integrate with the measure dpgds 

r f 1 


< 


I I .rPyA^^'t)d\f\{xR)dpg{y)ds 

'Sh(0)x[0,T+1] 7r’*x(0,s) 

/ C 4 ,Didps{y)ds < C 2 ,C 4 ^D\{T + 1 )R”“^ < oo, 


./Sh(0)x[0,T+1] 

where (13.101) is used. By Fubini’s theorem we obtain 

tT+I y p 


‘x[o,: 


,r+i] ^Jt 2{s — t) JBiiio) 


P{y,s){x,t) dps{y)ds)d\f\{x,t) 


< c^c^D^ifT + l)i? 


n—1 
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Hence there exists C 7 = C 7 {x,t) < 00 such that 

l-t+i ^ p 


It 2(s — t) Jbii{0) 


P{y,s)ix,t)dfis{y)ds < C7{x,t) < 00 


(5.21) 


for |^|-a.e. {x,t) e x [0,T]. 

Let X G Br{0) and T > s > t > 0. We compute 


Py,s{x,t) dps{y) < 


'Br{0) 


3 {R/2r 

Py^s{x,t)dps{y) + ‘^'^ e £)i, 


(5.22) 


where fl5.6p is used. By fl5.2ip and fl5.22p we obtain 

rt-j-l /• 


It 2(s - t) , 

/•t +1 


py,s{x,t) dpsiy)ds 


(5.23) 


<C7{x,t) + 


2 (s-t) 


2 ” 64 s-t< cx) 


for |^|-a.e. (x, t) G Br x [0,T] and for any R> 0 and T > 0. Hence fl5.23p holds for |.^|-a.e. 
{x,t) G X [0, cxd). Set 


h{s) = h^,t{s) := / py^s{x,t) dps{y), {x,t) G M” x [0, 00 ). 
Jr’’^ 

Next, we claim that 


lim hx i(s) = 0 |^|-a.e. (x, t) G M" x [0, 00 ). 

s—^t ’ 


(6.24) 


Dehne 


H = < (x, t) G M"" X [0, cx)) 


r-t+l 


Py^s{x,t) dps{y)ds < 00 


It 2 (s - 1) 

Note that |^|(A'^) = 0. Fix {x,t) G A and set A := log(s — t). Then we have 

pO pt-\-l p 


h{t + e ) d\ = 


s — t 


Py,sixR) dpsiy)ds < 00. 


Set A G (0,1]. By fl5.25p there exists a sequence {Aj}^;^ such that 

Aj 4, —CX), Aj — Aj+i < K, h{t + e^*) < k. 

Fix A G (— CX), Ai] and choose i such that A G [A,, Aj_i). Then by 03.91) we have 

h{t + e^)= / py,t^e^{xA)dpt+e^{y) = / py,t+ 2 eAxA + (^^)dpt+e^{y) 


(5.25) 


(5.26) 


(5.27) 


< J Py,t+2e^{x,t + e ')dpt+^Xi{y) = J Px dpt+e^i, 

where ^ = 2e^ — On the other hand, by 05.26P we have 

K>h{t + e^')= / Py^t^^Xi{xA)dpt^^Xi{y) = / p^dp^^^x^, 


(5.28) 


where ^ Remark that there exists cg > 0 such that 
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Let 1 > a > 0 and k = min{a, 72 (a)/c 8 } where 72 = 72 (a) is defined by Lemma 15731 Then 
for A < Ai(a), 


h{t + e^)< I pf 


^(1 T Cl) J dfi-j-J^gX^ T (iD\ ^ 2 k T uDiy 

where fl5.27p and fl5.28p are used. Passing a ^ 0 we obtain 

lim/ij:^t(s) = 0 for {x,t) G A. 

s4,t ’ 

Thus we have fl5.24p . On the other hand, by Lemma [5.61 we obtain 

Tj 

limsup/i 2 . t(s) > - > 0 for p-a.e. (x, f). 

s4.i ’ 2 


Hence by fl5.24p and 05.301) we obtain 


T] 


0 > \imsup hx,t{s) > - for |^|-a.e., 


where |^| <C p are used. Thus we have |^| = 0. 


(5.29) 


(5.30) 


□ 


6. Proof of main results 


Let and be positive sequences with Si, 6i I 0. Set p* G OfQ“(M”) for z G M. 

Define measures p*, and by 


hX 0 ) 


0 


/ £i|Vp^P 

V 2 


+ 


Si J 


dx and ^*( 0 ) ; = 


for cj) G C'c(M"'), and 


0 


/ olVpf 

V 2 


F5A^') \ 

Si ) 


dx 


V\^) := [ 

J{x \ 

for Ip G Oc(M"' X Gn-i(IP"')), where A := Note that G V„_i(M”) and ||t4*|| = pL 

For p G 0^(R'^), define 


Pi^x, I 


o|V^T ^ FsiiP") 


dx 


B\ip\P):= [ -e,P 

The following lemma is obtained in the same manner as Lemma 9.3 of [18]. So we omit the 
proof. 


- Ap' + 




+ £jV0 • Vp* ( — Ap* + 




dx. 


Lemma 6.1. For p G C'^(M"') we assume that 

(1) p* ^ p as Radon measures on M"", 

(2) is non-positive measure for z G N, 

(3) if*I \_{p > 0} —)■ 0 as Radon measures on M", 

(4) there exists (7 > 0 such that H*(p*, p) > —C for z G M, 

(5) ^^"“^(spt p n {0 > 0}) < cxo. 

Then the following hold: 

( 1 ) pL {0 > 0 } is (zz — l)-rectifiable. 

(2) There exists V G V„_i(R"') such that > 0} —)■ R and ||R|| = pL{0 > 0}. 
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(3) For any Y E Cl{{(t) > 0};M") we have 

6V{Y) = lim [ -EiY + 


FL(‘P‘ 


dx. 


( 6 . 1 ) 


(4) There exists the generalized mean curvature vector H for V with 


'tp\H\^ <—Yimmi / A(y9* + 


TT 2^00 


F'A-f' 


dx < oo 


(5) 


for -0 e > 0 }; 


limsup 0 ) < B{n,(p). 


( 6 , 2 ) 


(6.3) 


Proof of Theorem 12.71 

First we prove Brakke’s inequality. Let e x (0,cx3)) be as in Theorem 

o Then by Proposition 14.31 there exist subsequences {£ik}T=n {^jk}T=i such 

that fl2.22p . fl2.23p and fl2.24p hold. By Lemma l5^ there exist subsequences and 

{^jk}T=i (denoted by the same index) such that 

^^ik’^ik —i. 0 as Radon measures on M” x [0, oo). 


(6.4) 


Set ip^ = and Let to A 0 and 0 G 


; Ck _ c 
1 k,t ~ 

C^(M”;M+). If Dtpt{(j)) = —oo, then fl 2 . 2 p holds. Therefore we assume that 

t=to 


Co ■— DtPt{(d) 


> —oo. 


t=to 


(6.6) 


Then there exist {hg}'Y^ and {tg}'Y^ such that hg ), 0, tg ^ to as g —>■ cx) and 


Co — hr, Y 


htM) - htoi^P) 


q — 


tq to 


for g > 1 . 


We may assume that tg > to for any g > 1. (The other case is similar.) 
By -E fit and fl6.4p there exists a subsequence such that 


Co - 2 h„< 


q — 


tg — to 


tq to Jto 


^/i^(0) dt 


and 


< hl{tg - to) 


4{(/)>0}x[to,iij 

for g > 1. By Proposition [3] and Lemma ITTl there exists Ci = Ci{n,(j), Di) > 0 such that 

d 


( 6 . 6 ) 

(6.7) 


A Cl for fc > 1 , t > 0 . 

(JjL 


We may assume Ci > Cq. Set 


d 


Zg = {t E [to,tg] I ■J^ht\4>) > Co - 3hg} for g > 1. 


By fl 6 . 6 p we have 


Co - 2K < 


q — 


tq to J[tQ,tg\\Zq 


Co — ^ha dt + 


tq to 


Cidt. 
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Hence we obtain 




{tg - to)h 


q ^ (tq to)hq 


C 1 -C 0 + 3hg - 2{C, - Co) 
for snfficiently large q > 1. By 06.71) we have 

l^gl > 0}) < h^itg - to). 


By 04.21) . 06.8p and 06.9p for any g > 1 there exists Sg G Zg such that 

Co - 3h, < s,). <!>) 

di t=Sn 


and 


l?t’l(R>0})<3(Ci-C„)At. 


( 6 , 8 ) 

(6.9) 

( 6 . 10 ) 

( 6 . 11 ) 


Assume that the subsequence converges to a Radon measure /r. By Lemma SH] 

and 06.5p . it is possible to prove (see [IHl 7.1]) that 

= ( 6 . 12 ) 

Hence, by Lemma lOl 05.15^ . 06.5p . 06.101) . 06.lip and 06.121) we have 

Dtfiti<P) <H(/iio,0). 
i=io 

Therefore by this and Proposition 12.61 (2), {fit}t>o is a global solution for Brakke’s mean 
curvature flow with initial data po = Thus we obtain (a). 

Next we prove (b). Set := 4*^ o where <hfc(s) := f-ns- ' 1-1 \iv) 

Note that $fc(—(1 — SjJ~^) = 0 and <hfc((l — ^j^)”^) = 1- We denote £ = £ 
and S = 6j^. We compute that 

IVu’*| = 

Hence by 04. 3 p we have 

/ |v»T.i)|d.< / + 

Jr" Jr** \ z fc / 

for t > 0. Fix T > 0. By the similar argument and 04.3p we obtain 




< 


(6.13) 


\dtw^\ dxdt < a 


-1 




dxdt 


< 


a 


-1 fT 


dxdt + + T). 


(6.14) 


By 06.131) and 06.141) . is bounded in BV{W^ x [0,T]). By the standard compactness 

theorem and the diagonal argument there is subsequence (denoted by the same 

index) and w G BVioc(^^ X [0, 00 )) such that 

^ w in X [0,oo)) (6.15) 

and a.e. pointwise. We denote (p{x,t) := hmfc^oo(l + ° w^{x,t))/2. Then we have 

2(p — 1 in X [0, cx))) 

and a.e. pointwise. Hence we obtain (bl). By Proposition 12.61 13) we obtain (b2). We have 
(p^ ±1 a.e. and (p = 1 or = 0 a.e. on M" x [0, cx)) by the boundedness of LkhGi dx. 
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Moreover tp = w a.e. on M"" x [0, oo). Thus p G BViodM^ ^ [0; o®))- For any bounded open 
set t/ C M” and a.e. 0 < < ^2 < T we have 


'u 


\p{-,t 2 ) - p{-,ti)\dx = \im / \w^{-,t 2 ) - w’"{-,ti)\dx 

k—>oo 


< lim inf 

k^oo 



t2 


U Jti 


fu 

I dtw^ I dtdx < lim inf 

fc—)-oo 


—r- yt2 — ti + 


Itl 


e^/t2 


dtdx 


(6.16) 


<C2Di^/t2 — ti, 


where C 2 = C 2 {n,T) > 0. By fl6.16p and IIIq | < 00 , p{-,t) G for a.e. f > 0. By this 

and (16.161) . we may dehne p{-,t) for any f > 0 such that p G cxd); L^(R”')). Hence 

we obtain (b3). For (j) G and f > 0 we compute that 


0(i||V</9(-,f)|| < liminf 

k^oo 


< lim crc/ 

k^oo 




k\2 


+ 


/ (j)\Vw^\dx 

’R" 


'*fc 


dx 


Hence we obtain (b4). 



□ 
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